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Differential and Difference Sensitivities of Natural
Frequencies and Mode Shapes of Mechanical Structures

Patrick Vanhonacker*
University of Leuven, Leuven, Belgium

A method, based upon the theory of the adjoint structures, is formulated for calculating the derivatives of
natural frequencies and normalized mode shapes with respect to structural parameter changes in terms of local
mass, stiffness, or damping, starting with data obtained by experimental processing techniques such as modal
analysis. The method applies for statically or kinematically undeterminate structures, which is not the case for
most classical methods of sensitivity analysis. The method is extended to obtain large-change sensitivities and
frequency response sensitivities to structural nonparameter changes (e.g., the addition of a damped vibration
absorber). Two examples demonstrate the procedure and the usefulness of the sensitivity analysis.

Introduction

HE dynamic analysis of complex mechanical equipment

and the prediction of the dynamic behavior of a modified
mechanical structure has turned out to be a difficult way of
reaching the objectives of such analysis. However, modal
analysis techniques and computer-interfaced testing equip-
ment have contributed to a solution of those problems.
Furthermore, modal analysis results (complex modal
displacements, natural frequencies, damping values) may be
used in system synthesis methods !? to predict mathematically
the effect of structural changes on the dynamic behavior. The
objective of this paper is to present a ‘‘sensitivity analysis”’
using experimental data, obtained by modal analysis, for
computational assessment of the most effective parameter
change in order to obtain a desired dynamic behavior.

The sensitivities give the influence of the building element
parameters on the natural frequencies and mode shapes of the
mechanical structures. They provide us with an answer to the
question of where to change, e.g., to obtain a maximum shift
of a specific natural frequency or to reduce most effectively
the modal displacements in certain points for a specific mode.

The assumption of linear and statically or kinematically
determinate structures simplifies the calculation of the sen-
sitivities. 3> Van Belle®’ developed a more general method,
called the theory of adjoint structures, for the sensitivity
analysis of mechanical structures, yielding equations still
valuable for statically or kinematically undeterminate
structures.

In this paper, the method based upon the theory of adjoint
structures is extended to obtain sensitivities in the case of
viscously damped systems and expressions for the sensitivities
are derived, using finite instead of infinitesimal changes.

Differential Sensitivities for Viscously
Damped Systems

The differential equations of motion for an n degree-of-
freedom viscously damped system can be expressed in matrix
form as:
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where {X] and {F} denote the displacement and force
vectors, while M1, IK|, and ICl denote the system mass,
stiffness, and damping matrices.

The steady-state response of the system, due to a sinusoidal
excitation, in terms of its n complex modes may be written as:

i W7 g’
= a, Jo— Ae) a'k(jw—)_\k)
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where

{¥ ) =kth eigenvector
A =8, +Jv, eigenvalue of mode &
d, =exponental decay rate for mode k
v, =damped natural frequency of mode k£
a, =scaling factor for mode k&

Normalizing the eigenvectors (a, =1, k=1...n) yields:
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where
{¥; )} =normalized kth eigenvector
{¥; ) =complex conjugate of {{ )
[1,0,; } T=transpose of {y;}

The flexibility matrix 1S’ is equal to:
1S, 1S; 1
IS71=Y, —%— + ), —~ @)
;Jw—kk Z:‘Jw-kk
where IS;1={¥ 1 (¥} 7

Each submatrix 1S/, | of the flexibility matrix 1S can be
expressed as:

1£,,! ISk, !
IS;1 = 254 4 ) —ErL ®)
q zk:Jw—)\k Zk;jw—)\k

The partial derivatives of the flexibility matrix 1S, | to
parameter P,, can be calculated in two ways:
1) Partial differentiation of Eq. (5)

als,, | _ E 1 AN + E 1S, 4| N,
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2) Application of the theory of adjoint structures. The
theory of adjoint structures is derived from the adjoint
network theory, a general method for the sensitivity analysis
of electrical networks. To calculate the sensitivities of the
flexibility matrix 1S’1, an additional structure with the same
topology and geometry as the given structure is introduced.
For linear structures the elements of the adjoint structure are
defined by: 1S1 = 18’17 It is now possible to prove that, for
linear structures, the sensitivities of a submatrix 1S,, | of the
flexibility matrix 1S’ |, for a parameter change P , are ex-
pressed by®:

als;’ | M —w? IMyl +jwlCul + 1Kyl |
rq I1S” 1 e 4 .4 ’

IMyl, 1Kyl, ICyxl are submatrices of the mass, stiffness, and
damping matrices containing those elements, influenced by
the structural parameter P,,.

Substituting Eq. (5) into Eq. (7) and splitting Eq. (7) into
partial fractions vyields two equations (6 and 7) for
d18;,1/3P,, in linearly independent terms. The equivalence of
those equations for P,, influencing only [K,| yields:
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where 171 = unity matrix.

Similar expressions can be derived when P, is influencing
the mass or damping matrix.

For the calculation of the derivatives of the eigenvalue to a
parameter change, only the corresponding eigenvector is
required. The calculation of the eigenvector derivatives does
require complete dynamic information, although ap-
proximations can be made using truncated summations.

The assumption of viscous damping in the previous section
has been proved necessary for a good resemblance between
theoretical predictions and practical measurements of the
sensitivities of mode shapes to a parameter change.

Finite Difference Sensitivities

Where to change a mechanical structure in order to obtain
the most effective change in the dynamic behavior of the
structure is obviously an important question. The differential
sensitivities yield the influence on natural frequencies and
mode shapes of an infinitesimally small change of a particular
structural parameter; they are used as an indication for the
most effective finite parameter change. By extending the
method used in the previous section, it is possible to derive the
exact expressions for finite difference sensitivities in function
of the change itself.
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The dynamic behavior of a viscously damped mechanical
structure is described by Eq. (4); taking both summation
terms of Eq. (4) together, one obtains for a submatrix of the
flexibility matrix:

[
AR E j’xk, p=jo (10)

In this notation: for k>n, 1S;, 1= 18;. . 1; N, =X,, and
=k-—n.
The change in a structural parameter AP,, will affect mode
shapes and eigenvalues. The difference between the new and
original flexibility submatrix may be expressed as:

IS¢, | +A1SL,, 1 15,1

AlS) | = 11
7 Zk; p- A — AN, P—N
Dividing both terms of Eq. (11) by AP,,, yields:
A IS,’g | _ E 1 I 1 IAS,Q,,q | IS,;,,q I AN
APm k - A)\k p—)‘k APm (p—)‘k)z A1;'m
P—N.
(12)

The sensitivities of the compliance matrix for a parameter
change is also given by Goddard, et al. 8:

als: | ALKy
_§m_=_|s;[|—”—||1|+lsﬂ;lAlK&ll—Ils;ql (13)
m m

where |Kgl = —w? IMy| +jolCyl + 1Kyl

Substituting Eq. (10) in Eq. (13) yields new expressions for-
A IS,’q I/AP,,. The classical solution, which consists of
splitting into partial fractions and identifying the various
terms of Eqgs. (12) and (13), as described before, is not ap-
plicable.

Splitting Eq. (13) into partial fractions requires the
determination of the poles of

||1|+|ES"§
N

To avoid this difficulty, the use of the approximating
Maclaurin and Taylor series seems effective. The sensitivity of
the flexibility matrix for a change of a parameter may be
expressed using a Taylor series:

1N AIR (14)

Als, | als; | 1d21s; |
AP, ~ 9P, 2 &P AP as)

Expanding Eq. (13) in a Maclaurin series yields:

AlS; | AlK,] AlK,l
— i = = IS == LU= 1S5 =2 AP, +... | 15;,|
m m m
(16)
Identification between Egs. (15) and (16) yields:
als; | AlK,l
rq —_— ls/l # ’
e vy IS, | a7
azis, | AlK,| AlK,)
—o =218 =2 IS 1 = 1s;
3P vy N AP, 1S, | (18)
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If AIKy /AP, is not a function of AP, one may write:

AlKyl 31K

19
AP, oP, (19)
Under these conditions Egs. (17) and (18) are replaced by:
als; I alKa|
— = 1§, —— IS, | 20
aPm rt iq ( )
218, | A d Kyl
8l _, 1S =% 1851 —=2 1S, | 1)
P2 P, aP,,

A second expression for 37 1S, 1/3PZ may be derived using
Eq. (10):

3181 | ISinl 0N

A 1
= 22
aP2, 9P, {zk:p—)\k 3P,  (p-MN)? aP,,,} @)

Substituting Eq. (10) into Eq. (21) and splitting Eq. (21) into
partial fractions yields two equations (21) and (22) for
821S,,1/0P%, in linearly independent terms. After iden-
tification one obtains expressions for [3N,/9P, 1211,
82N\ /8P2 11, and 82 1S; . | /aP2,.

For P, 1nﬂuencmg IKaI only, and limiting the ap-
proximation to the first two terms in the Taylor series:
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Similar expressions can be derived for the difference sen-
sitivities of IS; . |, for P, influencing 1Cy| or IMa| and for
. cases in which A[iK 1 /AP is a function of AP,,

Frequency Response Sensitivities

It may be advantageous to calculate the effect of a struc-
tural change (characterized by its dynamic stiffness Ay) on
the frequency responses in a limited frequency band at dif-
ferent structural points. Therefore the structural modification
C, characterized by Ay, is thought to be coupled at one point
£to the original structure B (Fig. 1).

The frequency responses of the coupled structure A can be
written as!:

S-S,
S. =S, — — i “gh 24
e 24
AS;=S;,— S (25)
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Fig. 1 Coupling of structural modification C in point {, to original
structure B.

7,
i K, = 4000N/m
k, =
k1 ¢ 2 = 6000 N/m
ky = 10000N/m
m kg = 7000 N/m
k5 = 1000 N/m
¢
Ky 2
m, = 2kg
k4§ F:l % !
m, v my = 4 kg
m3 = 3kg
k3 53 m4 = 4kg
N.s
c; = 1005
m
3 N.s
c) = 300?
N.s
kg % t3 = 50T
_ N.s
= 100T
m4 55 = SUNTS

Fig. 2 Analytical example: m, k, ¢ system with four degrees-of-
freedom.

Table 1 Sensitivities of first natural frequency with respect to
mass changes

Sensitivity of Computed new natural

Change in first natural frequency,  frequency after mass change of
point rad/s/kg 0.1kg, rad/s

1 0.0191 13.480

2 * 0.0512 13.484

3 0.0666 13.485

4 -1.39 13.341

Table2 Sensitivities of normalized modal displacement with respect
to damping change, for point 2 and mode 1

Sensitivity of normalized Computed normalized dis-

Change of modal displacement, placement after damping
damper 10 =% (m/Ns) changes of 10 N/m

1 —-19.6 +16.8/ —0.013754 —0.0035221/
2 2.94+ 2.69j -0.013562 —0.0035828;
3 1.77— 1.59j —0.013558 —0.0036683/
4 —-14.5 +32.7 —0.013709 —0.0033008/
5 -69 — 355§ —0.014215 —0.0082502j
where: S, = frequency response of structure A, measured in

Ija . . .
point i, with excitation in point j

ASy __ _SuSy 26)
Ayy 1+ 8uAyy
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Table 3 Influence of accelerometer mass on second natural frequency of engine block
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Accelerometer type 1, Accelerometer type 2, Accelerometer type 3
m=294¢g m=15.75¢g m=3.2g
Point Dmeas » Hz Weorr » Hz @meas » Hz Deorr » Hz Dmeas » Hz Yeorr » Hz
1 1221.250 1222.499 1221.875 1222.544 1222.344 1222.480
2 1222.362 1222.399 1222.461 1222.480 1222480 1222.484
3 1220.391 1222.292 1221.194 1222.212 1222.266 1222.474
4 1220.000 1222.440 1220.981 1222288 1222188 1222.453
5 1222.032 1222.424 1222.256 1222.476 1222.412 1222.465
Range 2.363 0.207 1.48 0.332 0.292 0.027
Mean 1222.421 1222.400 1222.471

Equation (26) yields the differential sensitivities:

a8,
— Y S .8, 27
6ya Sli’ Sl'j ( )

Furthermore, Egs. (26) and (27) are combined to:
AS; 1 6S.;
Ayy  1+8SzAyq Oyy

The equations derived in this section are similar to those
derived for electrical networks by Goddard et al.® Equation
(28) can be used to predict the optimal location on the
structure for an imposed structural modification. The aim of
the modification can for example be to reduce as far as pos-
sible the frequency response amplitude in a given frequency
band at a number of particular points of the structures.

Examples

An analytical example illustrates the theory and its
possibilities. Consider the 4 degrees-of-freedom m,k,c system
of Fig. 2. The first three mode shapes, damped natural
frequencies, and modal damping values are computed and
used in a sensitivity analysis. The influence of a mass change
in the different points on the damped natural frequency of the
first mode (13.478 rad/s) is given by the corresponding
sensitivities. The sensitivity results are checked by recom-
puting the system after effectively changing the mass in the
point under consideration by 0.1 kg. The results are
represented in Table 1.

Out of the sensitivities, it may concluded that the first
natural frequency will shift downward by reducing the mass in
points 1-3, or by adding mass in point 4. Point 4 is the most
sensitive point to obtain a natural frequency shift of the first
mode. These conclusions are confirmed by the computational
results.

A similar derivation is perfomed to reduce the normalized
mode-shape displacement in the second point for the first
mode (original value —0.013576-0.0036509/) by a damping
change. From Table 2 it can be proved that the optimal
solution is a reduction of damper 5 in order to achieve our
goal. The results are checked by inserting 10 N/mm more
damping for the damper under consideration.

In another example the influence of the accelerometer mass
on the second natural frequency of an engine block is
calculated for five points on the lower row on the side wall of
the block. The second natural frequency and corresponding
mode shape (bending) have been measured in 86 points of the
engine block using the standard modal analysis technique on a
H.P. 5451B Fourier Analyzer. Three accelerometers (masses,
respectively, 29.4, 15.75, and 3.99 g) were used successively.
The natural frequencies were calculated (using the least-
squares frequency domain curve-fitting technique on
frequency responses, measured using a Band Selectable
Fourier Analyzer at 1216-1224 Hz). A correction for the mass
of the accelerometer is applied to the experimentally deter-

mined natural frequencies. This correction was based upon
the differential sensitivity expressions discussed in previous
sections:

[ w

dw
corr = + m Am;

meas a . 1]
H

The results are represented in Table 3.

The range of the measured natural frequencies can be
reduced substantially by correcting for the accelerometer
mass. This correction can be important, especially for the
higher natural frequencies and for heavy accelerometers. It
should be emphasized that each measured frequency response
should be corrected for this error before starting a curve-
fitting algorithm.

Conclusions

Methods have been presented to calculate the differential
and difference sensitivities of mechanical structures to
parameter changes. It should be pointed out that the sen-
sitivity expressions, based upon the theory of adjoint
structures, apply for statically or kinematically undeterminate
structures too. In the classical methods of sensitivity analysis,
this is generally not true.

Thus emphasis is placed upon a method using experimental
input data for a reduced number of points, by some modal
analysis techniques. In this scope sensitivity analysis is seen as
an integral part of a general technique for carrying out a
dynamic vibration analysis. This analysis consists of
measuring as well as processing vibrational data in order to
determine the modal parameters; those modal parameters in
turn are used to select the optimal spot for a modification and
to determine the effect of the structural modification on the
global dynamic behavior of the structure.
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